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and labour as inputs. Furthermore, we assume that the resource stock is reduced by
poverty-drivenenvironmentaldegradation.Moreover,weincorporatenutritionalef-
fects on labour productivity and mortality. By applying local bifurcation theory, we
show that the model may exhibit multiple equilibria. Furthermore, the orbits of re-
sources and the population distribution may be characterised by quasi-periodic be-
haviour. Sustainable development in terms of approaching a steady state with posi-
tivevaluesofresourcesand food-securepopulation isonlypromotedbylowfertility
levels of the food-insecure and food-secure population.
1 Introduction
“Over the past thirty years, most of sub-Saharan Africa has experienced very
rapid population growth, sluggish agricultural growth, and severe environmental
degradation” and there is evidence that these three phenomena are connected in a
mutuallyreinforcingmanner(CleaverandSchreiber1994).Thisnexusiscommonly
known as a ‘vicious circle’in the literature.
The concept of the ‘vicious circle of poverty’ dates back to the 1950s, when
Ragnar Nurkse observed that “in discussion of the problem of economic develop-
ment a phrase that crops up frequently is the ‘vicious circle of poverty’. […] It im-
plies a circular constellation of forces tending to act and react upon one another in
such a way as to keep a poor country in a state of poverty (Ascher and Healy 1990).




Land Degradation: Modelling the Nexus in Sub-Saharan Africa.”women and children are bound up in a web of interactions with environmental degra-




production, income distribution, natural resources and environment.
1 They argue that
in this rather complex web, various vicious circles involving two or more sectors may
be observed (for examples see Ascher and Healy 1990, pages 20–23).
One example of such a vicious circle is illustrated by the parable of firewood
(Nerlove and Meyer 1997). Gathering firewood, water, etc. is mainly the task of
womenandchildren.Asdeforestationproceeds,thebordersoftheforestsarepushed
further away from the village, so firewood collection becomes more time-consum-
ing. Consequently, children becomemorevaluable for their parents and the demand
for them may rise, which reinforces fertility. Summing up, environmental degrada-
tion may itself increase fertility and subsequently population growth.
2 Hence,
Nerlove and Meyer (1997) argue that “[t]he relation between fertility and environ-
mental degradation depends primarily on the way parents perceive the benefits of
having children and not primarily on the effect of population size on the environ-
ment, as long as the environment is adversely affected by larger population”. Simi-
larly, Dasgupta (1993) finds that in poor countries children are also considered as
income-earningassetswhichprovidesanadditionalmotivationforhavingchildren.
In the spirit of the concept of the vicious circle,Lutz and Scherbov (2000) devel-
oped a quantitative simulation model, called PEDA (Population, Environment, De-
velopment and Agriculture), which links “population parameters and education to
land degradation, food production and distribution” (Lutz and Scherbov 2000) and
has been applied to several African countries, e. g., Burkina Faso, Cameroon, Mad-
agaskar, Mali, Uganda and Zambia (Lutz et al. 2002).
The PEDA model is a population-based simulation model which considers, be-
sides age and sex structure, the literacy and food-security status as well as the place
ofresidenceofthepopulation.Insum,thePEDAmodelreferstoabout1600popula-
tionstates.Itconsidersanaturalresourcesmodule(landandwater)aswellasanagri-
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1 However, Dworak (2002) argues that this categorisation is still incomplete since, e. g.,
polulation (including its age and sex distribution, fertility, mortalitiy, migration, education,
etc.) and other institutional settings (security issues, property rights) are missing.
2 This controversial causal link has been tested empirically for data of Pakistan and Nepal
by Filmer and Prittchett (1997) and Loughran and Pritchett (1997) in Asia. Filmer and
Pritchett (1997) verify various effects enhancing the plausibility of the hypothesis that envi-
ronmental scarcity could possibly raise the demand for children although there are several
findingswhichmaybeinconsistentwithit.However,LoughranandPritchett(1997)rejectthe
hypothesis, i. e., they find that environmental scarcity lowered the demand for children for
Nepalesedata.Forsub-SaharanAfricancross-countrydataCleaverandSchreiber(1994)find
a positive relation between total fertility rates and the rate of deforestation. However, the
significance is ambiguous (Cleaver and Schreiber 1994).culturalproductionmoduleanditcontainsafooddistributionmechanisminorderto




ulation. However, the PEDA model does not assume increasing fertility as a direct re-
sponse to food insecurity because of its controversial empirical foundation. “Rather,
thefood-secureandfood-insecurefractionsofthepopulationareassumedtohavedif-
ferent fertility levels (subject to exogenously defined trends) and hence the aggregate
fertility level only responds to changes in the food insecurity through changing
weights of the groups in the calculation of overall fertility.” (Lutz et al. 2004)
In this paper, we aim to investigate the assumption of differential fertility levels
forthefood-insecureandfood-securepopulationinareduced-formderivativeofthe
PEDA model as presented in Lutz et al. (2002).
3 Furthermore, we extend the PEDA
frameworkbyincorporating nutritionaleffectsonlabourproductivityandmortality.
In short, in each time period, the rural food-secure and food-insecure population to-
getherwiththenaturalresourcestockdeterminetotalfoodproduction.However,the
population lowers the resource stock by land degradation. The total amount of food
produced is distributed, in each time period, according to the prevailing food distri-
bution function, thereby dividing thepopulation into food-secure andfood-insecure
population.
The major part of the literature concerning differential fertility and income in-
equalityisdevotedtothecontextofinvestmentinhumancapital.Althoughthefocus
in these studies lies on the long-run distribution of skilled to unskilled population,
these papers are methodologically related to our reduced-form derivative of the
PEDA model and may yield similar dynamic behaviour. For instance, Kremer and
Chen (1999) show that the positive feedback between fertility differentials and in-
comeinequality mayleadtomultiplesteadystatesofthelong-run population distri-
butionofskilledandunskilledpopulation. Inparticular,theyinvestigatethepositive
feedbackbetweenfertilitydifferentialandincomeinequality createdbythefactthat
higher wages reduce fertility and that children of the unskilled are more likely to be
unskilled than of the skilled.
Nevertheless, the model of Kremer and Chen differs substantially from our
frameworkinseveralaspects.First,KremerandChenderivemultiplesteadystatesof
the ratio of unskilled to skilled population, where the population growth rates are
constant, but not necessarily equal to zero, in the steady states. Hence, Kremer and




tion aswellastheresourcesare quantitatively similar.Lutz etal(2002) concludethat “there-
ducedformmodelisadequatetoinvestigatetheroleofthefooddistribution,andtherebycon-
tributes to a better understanding of the underlying mechanisms.”equilibrium.Sinceweareconsideringaframeworkoflimitedresourcesandconstant
technology,thepopulationhastobecomestationaryinordertoobtainasteadystate.
Secondly,Kremerand Chen deriveaninverserelationship betweenfertility rates
and wages by assuming a simple utility function. Hence they define the population
growthratesendogenously.Incontrast,PEDAassumesdifferent,butconstantfertil-
ity levels for the food-insecure and food-secure population, respectively. Therefore,
overall fertility rates vary only through compositional changes of the population.
Galor and Zeira (1993) explore the relationship between wealth distribution and
investmentinhumancapital,wheretheformerevolvesendogenously.Theyalsofind
multiple equilibria in the long-run distribution of the skilled and unskilled popula-
tion, although they assume zero population growth. However, the existence of the
multiple steady states of the long-run distribution in their model basically depends
on the assumption of technological non-convexity and imperfect credit markets
(Galor and Zeira 1993). By comparing this assumption, involved in Kremer and
Chen(1999),GalorandZeira(1993)andothers,tothePEDAassumptionsandrefer-
ring to earlier work, we aim to identify economic reasons for the resulting long-run
distribution of food-insecure and food-secure population.
The remainder of the paper is organised as follows. Section 2 presents the model
anddiscussestheunderlyingassumptions.Section3investigatesthelong-runevolu-
tionofresources,food-insecureandfood-securepopulation. Inparticular,byapply-
ing bifurcation theory we analyse the effects of changing degrees of inequality and
fertility differentials. Finally, section 4 concludes and presents further extensions.
2 The model
Population dynamics
At each time point t, population Pt consists of two groups, the food-secure popu-
lation,denotedbyPSt,andthefood-insecurepopulation,PIt,withPt=P St+P It.Letus
denotethethresholdlevel~ y astheminimumlevelofcaloriesnecessarytobefoodse-
cure. Then, a person belongs to group PSt or PIt, respectively, if he or she receives a
level of food that exceeds, or falls short of, ~ y. Let Gyy t (~;) denote the share of the
population that falls short of the subsistence requirement based on a per capita food
entitlementytintheperiodt.Then,thefood-insecurepopulationattimet+1isgiven
byGyy t (~;) , timestheexistingpopulation,Pt,plusbirthsanddeathsofindividualsin
the food-insecure population at time t,i .e . ,
(1)
wherebIandd(yIt)denotethebirthrateandthedeathrateforthefood-insecurepopu-
lation, respectively. A similar equation can be derived for the food-secure popula-
tion, i. e.,
230 Food Security, Fertility Differentials and Land Degradation in Sub-Saharan Africa(2)
wherebSandd(ySt) denotethebirthrateandthedeathrateforthefood-securepopu-
lation, respectively. Contrary to the birth rates,which areexogenously given, weas-
sumethatthedeathratesofthefood-insecureandfood-securepopulationdependon
thepercapitafoodentitlementoftherespectivesub-population,yIt andySt,withmor-
tality decreasing when food entitlement rises, i. e.,  d 0.
4
In particular, we assume the following functional form for the crude death rates
(3)
whichhasbeenproposedinStrulik(1995)andhasalsobeenusedinPrskawetzetal.
(2000). In formula (3), dnatindicates a minimum death rate which is approached for
valuesofthepercapitafoodentitlementrisingtoinfinity.Furthermore,dnat+dmaxare
approximately the maximum death rate for a per capita food entitlement close to
zero. Within these upper and lower bounds of mortality, the crude death rates fall
withincreasingpercapitafoodentitlement,wheretherateofdecreaseisinitiallyris-
ingandthendecreasing.Furthermoremeasurestheslopeofthemortalityfunction.
Finally, if the per capita food entitlement equals ym, mortality amounts to about half
of its maximum value (Strulik 1995).
Moreover, it seemsreasonable to assumethat bI, bS< dnat+ dmaxholds, which im-
plies that for a per capita food entitlement close to zero, the natural growth rates of
the sub-populations are negative.
Food distribution
At the end of each time period the total amount of food available Yt is distributed
among the population. We postulate a historically given food distribution function
which is represented by a Lorenz curve in order to be consistent with the original
PEDAmodel.
5ThiscurveplotscumulativesharesoffoodL(F(z))asafunctionofcu-
mulative population shares F(z) when the individuals are ranked in increasing order
ofthefoodzthattheyreceive.Forinstance,L(PIt/Pt)indicatestheshareoftotalfood
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4 In what follows, the prime after function names denotes the first derivative and the double
prime the second derivative.
5 Atkinson(1970),RothschildandStiglitz(1973)andAnand(1983,citetinSen(1997))showed
that a broad range of measures of inequality are Lorenz consistent, which means that they
agree with the Lorenz quasi-ordering when it applies (i. e., Lorenz curves for alternative in-
comedistributionsdonotintersect).ThereforebyusingtheconceptofLorenzdominance,we
ensure that this measures agree about the ordering of the food distribution and our results are
not specific to the measure of inequality used.which the food-insecure population receives.
6 The food distribution function to-
gether with the total amount of food Yt to be distributed in each time period and the
threshold level of food~ y then determine the share of food-secure PS,t +1and food-in-
secure people PI,t+1, respectively, in the following period.
RecallingsomebasicmathematicalpropertiesoftheLorenzcurve,wecanderive
an analytical expression for the population share falling short of the minimum re-
quirement in eachtimeperiod. Weexploit the factthat the slope of the Lorenz curve
at any point F(z) is inversely proportional to the per capita food production y = Y/P
andproportional tothecorresponding foodlevelz(seeAppendix A.1forthederiva-
tion of this result)
(4)
Assumingfurtherthatwecananalyticallysolvefortheinverseofthederivativeofthe
Lorenz curve, equation (4) can be written as
(5)
Since F represents a distribution function, it has to be constrained by one from
above. Obviously, the corresponding level of food zmax for which F(zmax) = 1 holds
first, indicates the maximum level of food entitlement in the economy. Eq. (5) then
impliesthatthemaximumleveloffoodwilldependontheprevailinglevelofperca-
pitafoodproduction yandthefunctionalformoftheLorenzcurve.Unlesstheecon-
omy is in a stationary state, per capita food production y and henceforth the maxi-
mum level of food zmax will vary over time.




This simple Lorenz curve fulfills the assumption that the first derivative is analyti-
callyinvertible,whichhasbeenpostulatedabove.Moreover,ithastheadvantagethat
a single parameter, namely , uniquely governs the degree of inequality and there-
fore ranks the food distributions.
However,thespecificfunctionalform(6)fortheLorenzcurveimplicitlyassumes
azerominimumfoodentitlement.Sincetheminimumrequirementofcaloriesinor-
der to be food secureis strictly positive, there will always be a strictly positive num-
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6 Hence, the per capita food entitlement at time t of the of the food-insecure population is de-
fined as yIt =Y tL(PIt/Pt)/ PIt. Furthermore, the per capita food entitlement at time t of the
food-secure population is given by ySt = Yt(1 – L(1 - PSt/Pt))/PSt.
7 See Chotikapanich (1993) for alternative functional forms of the Lorenz curve.berofpeoplefallingshortofthisminimumrequirement.Hence,wewillnotobtaina
steady state with a zero number of food-insecure population.
By using this specific form of the Lorenz curve, equation (5) transforms to
(7)
Recalling that ~ y indicates the threshold level of food, a person needs to be food se-
cure,equation(7)evaluatedatzy 
~givestheproportionofthepopulationbecoming
food insecure, i. e.
(8)
Note that when ~ y exceeds the maximum food entitlement zmax = yt, then
G(~ y;y t) equals one and the entire population will become food insecure in the next
period.
Food is produced according to a Cobb-Douglas production function with the in-
puts agricultural labour, represented by the rural population, and resources.
8 Aggre-
gation over the exogenous production factors and production adjustments of the
PEDA model, as outlined above, yields the production function
(9)
where hI and hS denote constant values of labour efficiency of the food-insecure and
food-securepopulation,respectively.Furthermore,wenormalisetheefficiencyunits
andweassumethathI< hS.Thelatterassumptionisbasedonthefactthat“aperson’s
consumption-intake affects his productivity” (Dasgupta and Ray 1987).
9 Further-
more, T indicates the constant technology parameter and Rt represents the resource
stockattimet.Inaddition, 1and 2denotetheproductionelasticitieswithrespectto
labour and resources, respectively.
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8 In this analysis, we restrict ourselves to food crops, abstaining from cash crops. Hence, mar-
kets are not modelled.
9 An empirical confirmation of the nutrition-productivity hypothesis using household-level
data from Sierra Leone is provided in Strauss (1986).Resource dynamics
The stock of resource increases by indigenous growth/regeneration and is low-
ered by poverty-driven land degradation, i. e.
(10)
where we assume a declining rate of regeneration. This assumption is based on a
sketch of the exploitation during cropping and the natural regeneration during the
fallow period of tropical soil in Ruthenberg (1980, p. 62). In this sketch, the fertility
of soil increases concavely over time during fallow.
10 That means, the higher the re-
sourcestock,thelowertherateofregeneration. Hence,weassumeasaturation level
ormaximumleveloftheresourcestock,R,whichisthestationarysolutionofRifthe
resource is not degraded. In particular, we assume that regeneration can be repre-
sented by the difference of the maximum level, R, and the actual resource stock, Rt,
times the speed at which the resource regenerates, a:
In addition, we assume that resource degradation hinges on the magnitude of
food-insecure population and on the stock of available resources. More specifically,
wepostulatedthatthedegradationfunctionisincreasinginallarguments.Inparticu-
lar Lutz et al. (2002) assume
(11)
where  and  are fixed parameters. While it is assumed that degradation increases
linearlyinPI,degradationismodelledtoriseatadecreasingratewiththelevelofthe
resources. This assumption reflects the fact that the higher the available resource
stock, thelessertheenvironmental stress.Furthermore, degradation iszeroifthere-
sources are completely degraded. Similarly, if the entire population is food secure,
theresourceswillnotbedegraded.“Landdegradationisbynomeanscausedonlyby
the poor. Irresponsible rich farmers sometimes exploit the land, but by and large,
farmerswithsecuretenureandcapitalaremorelikelytoconservenaturalresources.
When natural disasters occur they can turn to alternative sources of income, borrow
andrepayinbetteryears.Thesealternativesarenotopentothepoor”(Young1998).
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10 Thelogisticgrowthfunction,whichiscommonlyusedinsuchacontext(e.g.,seeClark1990,
Brander and Taylor 1998, Anderies 1998, 2003) would rather imply a S-shaped curve over
time.The focus of this paper is to analyse how the vicious circle of poverty and environ-
mental degradation can be broken. Therefore, we only model poverty-driven envi-
ronmental degradation and disregard differently motivated degradation.
11
Moreover, degradation is scaled by population density in order to reflect the fact
that poverty-induced environmental degradation is reinforced by population pres-
sure.Dworak (2002) conducts asensitivity analysisof theresultswith respectto the
functional form of the degradation function in a framework of zero population
growth. Surprisingly, the results show to be rather robust with respect to the func-
tional form of the resource equation. Furthermore, Dworak (2002, chapter 8) refor-
mulatestheresourceequationinordertoincorporatesoilqualityandquantityexplic-
itly, as they are affected differently by population pressure.
Calibration
TheparametervaluesusedintheremainderofthispaperaresetaccordingtoLutz
and Scherbov (2000), who calibrated their model to data of Mali, except that the de-
gree of inequality in the food distribution, , and the technology parameter T were
chosen such asto highlight the complexity of the dynamics. Therefore, the situation
of Mali will be separately discussed in the conclusions. However, the model studied
here extends the PEDA framework by incorporating nutritional mortality effects.
Thecalibrationoftheparametervaluesofthemortalityfunctionandtheassumptions
about fertility are described below.
The time series data necessary to estimate the parameters dnat, dmax and  are
sparseordifficulttoobtain,iftheyevenexist.Forinstance,thereportsaboutthestate
of food insecurity (Food and Agriculture Organization 1999, 2000, 2001), which
have appeared annually since 1999, published the depth of food insecurity for the
singlecountriesfor1996–98onlyin2000.Hence,thereareonlyestimatesfortheper
capita dietary energy supply of the food-insecure and food-secure population for









tion, etc.) see e. g., Clark (1990), Brander and Taylor (1998), and Anderies (1998, 2003),
where the natural resources range from fish to trees to soil.Figure 1. Graphical representation of the postulated mortality function
Nevertheless,thedatasetsaretoosparseinordertoobtainreliableparameteresti-
mates. Therefore, we have to base our parameter estimations primarily on assump-
tions than on real data. For instance, Strulik (1995) assumes that dnat and dmax equal
0.01 and 0.1, respectively, which seem plausible for our purpose as well. Further-
more,itseemsreasonabletoassumethat ymislessthantheminimumrequirementof
caloriesinordertobefoodsecure.Forthefollowingsimulationswepostulatethatym
equals0.6, which ishalftheminimumrequirement inorder tobefood secure.Com-
biningtheseassumptionswiththeestimatesforthecrudedeathrateofthetotalpopu-
lation, the share of the food-insecure population, and the per capita dietary energy
supplyforthefood-insecureandfood-securepopulation,respectively,yieldsanesti-
matefortheslopeofthemortalityfunction,,ofabout2.57.Fig.1plotsthemortality
function under the assumption of these parameter values.
Moreover, no time series data of fertility by food security status are available.
Hence, the fertility differential between the food-insecure and food-secure popula-
tions has to be based on assumptions.
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12 For a discussion on data availability and quality for Sub-Saharan Africa see Dworak (2002).Table 1. Summary of parameter values.
Parameter Value Description
a 0.02 Indigenous growth rate of resources
 1.3 Degree of inequality
bI 0.05 Crude birth rate of the food-insecure population
bS 0.03 Crude birth rate of the food-secure population
â1 0.534 Production elasticity with respect to labour
â2 0.088 Production elasticity with respect to resources
dnat 0.01 Crude death rate independent from food entitlement
dmax 0.1 Maximum crude death rate which depends on food entitlement
 2.57 Slope of the mortality function
ç 0.67 Concavity parameter of the degradation function
ã 0.0089 Degradation impact factor
hI 0.2 Labour efficiency of the food-insecure population
hS 0.8 Labour efficiency of the food-secure population
R 1 Maximum resource stock
T 2.28 Technology parameter of the production function
~ y 1.2 Minimum requirement of calories
ym 0.6 Food entitlement, where the crude death rate reaches half of its maximum value





In the remainder of the paper, we will proceed as follows. First, we compute the
steadystatesofthedifferenceequationsystem(13)–(15).Byapplyinglocalbifurca-
tion theory, we determine regions of different long-run evolution of the orbits (i. e.,
multiple equilibria, quasi-periodic orbits) in the parameterspacein order to identify
the long-run effects of parameter changes.
Proposition 1 Ifthe natural population growth rate of the food-insecurepopulation
for a per capita food entitlement of ~ / y  is positive, then there exists a non-trivial
steady state where the entire population is food insecure.
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follows. A non-trivial steady state, where the entire population is food insecure re-
quiresthatGyy t (~;) equalsoneandthenaturalpopulationgrowthrateofthefood-in-
securepopulation,bI–d(yIt),equalszeroforallt.Iftheentirepopulationisfoodinse-
cure,theneventhemaximumfoodentitlement,whichequalsyt assumingthefunc-
tional form given in Eq. (6) for the Lorenz curve, is less than the minimum require-
ment ~ y, or equivalently,
(16)
Note that if the entire population is food insecure, the per capita food entitlement of
the total population is per definition equal to the per capita food entitlement of the
food-insecure population. ItfollowsfromEq.(16)thatthenaturalgrowthrateofthe
populationwhichisentirelyfoodinsecurehastobelessthanthehypotheticalnatural
population growth rate for a per capita food entitlement of ~ / y ,i .e . ,
17)




is a necessary condition for the existence of a non-trivial steady state, where the en-
tire population is food-insecure. Furthermore, if equality holds in condition (18), it
determines the critical parameter values, where this steady state ceases to exist and
the long-run share of food-insecure population may fall below one.
However,whetherthereexistfurtherfixedpointswithanequilibriumshareofthe




one or three fixed points. As evident from Fig. 2 and 5, the orbits may become





gated, where we fix the crude birth rate of the food-insecure population. At
 
  , which corresponds to
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),wheretheequilibrium number of food-secure population equals zerofor one of
thefixedpoints.Furthermore,thelatterfixedpointisalwaysstable,whereinregion
thereexistsasecond stablefixedpoint, which isunstable in region .This sec-
ondequilibrium exhibitsahighequilibrium resourcestockandarelativelylowpop-
ulation size, where the equilibrium share of the food-insecure population is low.
Asnotedaboveinregion ,theuniquefixedpointisunstableandtheorbitscon-
verge to a closed invariant curve giving rise to quasi-periodic long-run behaviour.
Fig. 3 visualises the latter in the population-resources state space, where the corre-
sponding share of the food-insecure population is indicated by the brightness of the
curve. Furthermore, Fig. 4 shows the time series on the closed invariant curve. The
dynamicscanbesummarisedasfollows:ifthewholepopulationisfoodinsecure,the
total population will decline and resources can regenerate. Once a sustainable level
of resources and population has been restored, the food-insecure population de-
clines.Butwhilethisshareofthepopulation declines,thetotalpopulation willgrow
in turn, which will again jeopardise the resources. As resources decrease, the num-
bers of food-insecure people increase again until the entire population is food inse-
cure and the ‘cycle’starts over again. However, since the orbits on the closed invari-
antcurveareonlyalmostperiodic,theshapeofthetimeseriesisnotentirelyconform
over time.
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Figure 2. Bifurcation diagram with respect to the degree of inequality, and the fertility differ-
ential between the food-insecure and food-secure population. All other parameters are set as in
Table 1. The dot indicates the parameter values of and the fertility differential, bI –b S,a s -
sumed in Table 1. The dashed curve represents the pair of parameter values of and the fertil-
ity differential, bI –b S, where track of the stable closed invariant curve is lost. For technical
details on bifurcation analysis see Appendix A.3.
Figure 3. Graphical representation of the closed invariant curve in the state space of the popu-
lation and resources. The share of the food-insecure population is indicated by the brightness of
the curve.Moving from the left to the right in Fig. 2 the distribution effect, which is exten-
sively discussed in Prskawetzetal. (2003), can be detected. In particular, Prskawetz
et al. (2003) investigate the effect of the inequality in the distribution of food in the




ulation as more food is distributed to the upper classes. However, Prskawetz et al.
(2003) demonstrate that this must not necessarily be true. It may happen that the
share of food-insecure population even decreases, as the degree of inequality in-
creases.
14Inthiscase,foodentitlementofthepoorestofthepoorisshiftedtotheup-
per food entitlement classes, thereby increasing also the food entitlement of those
who just fall short of the minimum requirement.
In addition, a change in the degree of inequality also effects the maximum food
entitlementy andhenceforthdetermineswhethertheentirepopulationwillbefood
insecure in the long run. In particular, as more food is distributed to the upper food
entitlement classes, the maximum food entitlement of the economy will rise (distri-
bution effect). However, as the number of food-insecure population varies due to a
changeofthedegreeofinequality,thetotalamountoffoodproducedandhenceforth
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Figure 4. Graphical representation of the orbits on the closed invariant curve.
14 Prskawetz et al.(2003) alsodemonstrate that the existenceof sucha result can be shownfor a
general food distribution function by using mean preserving spreads as introduced by
Rothschild and Stiglitz (1970).the maximum food entitlement vary, too (production effect). If the share of the less
efficient food-insecure people increases as a consequence of a rising degree of in-
equality,thetotalamountoffoodproduceddeclinesandthusloweringthemaximum
food entitlement. Summing up, if a negative production effect dominates the distri-
bution effect, the maximum food entitlement decreases and the probability that the
entirepopulationwillbefoodinsecureinthelongrun,increases.However,ifthedis-
tribution effect dominates, then at least the richest person is entitled to a sufficient
amountoffoodtobefoodsecureinthelongrun.Hence,theequilibriumshareofthe
food-insecurepopulationfallsbelowoneifthedegreeofinequalityissufficientlyin-
creased (cf. Fig. 2 as passes from region to ).
MovingintheleftpartofFig.2fromthebottomtothetop(i.e.,fromregion to
) a second stable equilibrium emerges. In this case, the fertility level of the
food-secure population is sufficiently lower than that of the food-insecure popula-
tion implying that the natural growth rate of the food-secure population may turn
negative and there may be a positive number of food-secure people in the long run.
However,thenegativenaturalpopulationgrowthrateforthefood-securepopulation
implies a continuous flow from the food-insecure to the food-secure population in
the equilibrium. Hence, for the existence of such an equilibrium a high resource
stock together with a low total population size is required.
However, the results presented in Fig. 2 crucially depend not only on the fertility
differentialbetweenthefood-insecureandthefood-securepopulationbutalsoonthe
fertility level of the food-insecure population, which was held fixed so far. Hence,
Fig. 5 illustrates the change of the long-run behaviour as the crude birth rates of the
food-insecureandfood-securepopulationarevariedsimultaneously.Forhighfertil-
ity ofthefood-insecure population, everybody willbefood insecurein thelong run.
Ifthecrudebirthrateofthefood-securepopulationissufficientlylow,asecondfixed
point with a low total population size but with a positive share of the food-secure
populationemerges.Alowcrudebirthrateofthefood-securepopulationinthepres-
enceofhighfertilitylevelsofthefood-insecurepopulationmaydecreasetheshareof
the food-insecure population in the long run but simultaneously implies also a low
total population in equilibrium. The long-run behaviour drastically changes if the
crudebirthrateofthefood-insecure population fallsbelowahypothetical deathrate
for a per capita food entitlement of ~ / y for the food-insecure population, i. e.,
whichcorrespondstobI<0.04inFig.5.Thenthereiseitherastablefixedpointwith
a positive number of food-secure population or, for higher fertility levels of the
food-securepopulation,thereisanunstablefixedpointsurroundedbyastableclosed
invariantcurveasillustratedinFig.3and4.Consequently,lowfertilitylevelsofboth
sub-populations promote sustainable development. However, we did not consider
crudebirthratesbelow0.01inouranalysis,sinceforsuchlowfertilityratesthepop-
ulation will be extinct in the long run. Proposition 2 summarises the findings.
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high crude birth rates of the food-insecure population increase the chances for sus-
tainable development by eventually decreasing the long-run share of the food-inse-
cure population but simultaneously imply a low total population in equilibrium.
Only low fertility levels of both sub-populations yield sustainable development for
all initial values.






over, we incorporate nutritional effects on labour productivity and mortality and we
assume different fertility levels for the food-insecure and food-secure population.
As noted earlier, this model is calibrated according to data from Mali, except for
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Figure 5. Bifurcation diagram with respect to the crude birth rates of the food-insecure and
food-secure population. All other parameters are set as in Table 1. The dot indicates the param-
eter values of bS and bI assumed in Table 1. The dashed curve represents the pair of parameter
values of the birth rates bS and bI, where track of the stable closed invariant curve is lost. For
technical details on bifurcation analysis see Appendix A.3.the degree of inequality and the technology parameter. In particular, Mali exhibits a
degreeofinequalityinthedistributionoffoodthatisabouttwiceashighasourbase-
line level given in Table 1. Consulting Fig. 2, Mali would lie rather in region ,
where there exists a unique stable fixed point with an equilibrium share of the
food-insecure population less than one. Furthermore, the baseline level of the tech-
nology parameter is somewhat lower than the estimate used in the original PEDA
model (Lutz and Scherbov 2000). A higher value of the technology parameter, cet-
erisparibus,wouldyieldhigherfoodproduction levelsandalowershareoffood-in-
secure population. Hence, our model does not predict Mali to be doomed for the
future.
But as noted above, data to estimate parameters are sparse, and even if they are
available, their reliability may be questioned. In particular, there are no time series
data,toourknowledge,onfertilitybyfoodsecuritystatus.Thereforetheestimateof
the parameter values of the fertility differential between food-insecure and food-se-
curepopulationhassofarbeenbasedratheronassumptions.Ifourassumptionswere
toooptimistic,ourmodelmaypredictthatMaliwouldbelockedinlong-run oscilla-




For instance, Kremer and Chen (1999) show that the positive feedback between
fertility differentials and income inequality may lead to multiple steady statesof the
long-run distributionofskilledandunskilledpopulation. Translatingtheskilledand
unskilled population into food-insecure and food-secure population, where labour
productivity depends on the nutritional status, enables us to compare our results to
Kremer and Chen (1999), Galor and Zeira (1993) and others.
Asnotedearlier,themodelofKremerandChen(1999)differssubstantiallyfrom
ourframeworkbytheassumptionofendogenous fertilityandthattheyareconsider-
ing steady states of the ratio of unskilled to skilled population rather than steady
statesofthestocksoftheunskilledandskilledpopulation.Recallingthatwearecon-
sidering a framework of limited resources and constant technology, the population
has to become stationary in order to obtain a steady state.
IncontrasttotheassumptionofendogenousfertilitybyKremerandChen(1999),
PEDAconsidersdifferent,though constant, fertilitylevelsforthefood-insecure and
food-secure population, respectively. Therefore, overall fertility rates vary only
through compositional changes of the population.
However,whatKremerand Chen (1999) and thePEDAframework havein com-
mon is that they impose an exogenously given distribution of education costs in the
caseof Kremerand Chen (1999) and of food in the PEDA model. This exogenously
defined distribution mainly governs the dynamics of the long-run population
distribution.
In contrast, Galor and Zeira (1993) explore the relationship between wealth dis-
tribution and investment in human capital in an overlapping generations framework
244 Food Security, Fertility Differentials and Land Degradation in Sub-Saharan Africawithintergenerationalaltruism,wherethewealthdistributionendogenouslyevolves
overtimeviabequests.Theyalsofindthatthelong-rundistributionofskilledandun-
skilled workers depend on the initial wealth distribution. However, Galor and Zeira
(1993) derive multiple equilibria of the long-run distribution of the skilled and un-
skilled population in a framework of zero population growth. Similarly, Dworak
(2002, chapter 5) finds multiple steady states of the long-run distribution of the
food-insecure and food-secure population in the reduced-form derivative of the
PEDA model under the assumption of zero population growth for both sub-popula-
tions.HenceinGalorandZeira(1993)andDworak(2002,chapter5),multipleequi-
libriaaremainlygeneratedbythepositivefeedbackbetweentheincome/fooddistri-
bution and labour productivity depending on the educational/nutritional status
within a framework of stationary populations.
Maintaining the assumption of differential population growth for the food-inse-
cure and food-secure population but setting aggregate population growth to zero,
Dworak (2002, chapter 6) identifies that differential population growth only affects
the domain of attraction of the respective steady states. Adding aggregate, exoge-
nous population growth reduces the number of equilibria to a unique steady state.
However,thisuniquesteadystatemaybeunstableandtheorbitseithertendtounlim-
ited population growth while resources become extinct or total population size ap-
proaches zero while resources tend to their maximum level in the long run (Dworak
2002, chapter 6). Assuming endogenous death rates prevents that the population
grows unlimited in the long run and henceforth allows multiple equilibria again.
Moreover, if the exogenous birth rate exceeds the exogenous death rate of the
food-insecure population, the orbits may become quasi-periodic in the long run
(Dworak 2002, chapter 6). The latter results also hold for endogenous mortality.
Hence,addingaggregatepopulationgrowthmaycauseoscillationsofthepopulation
stock, the numbers of food-insecure population and the resources in the long run.
Theaimofthispaperwastoidentifytheroleofdifferentialfertilityofthefood-in-
secureandfood-securepopulationwithinaframeworkofunequalaccesstofood.We
find out that a higher fertility differential in terms of the difference of the fertility
level of the food-insecure population minus that of the food-secure population may
decrease the steady state numbers of food-insecure population, but the latter is
mainlydrivenbythedegreeofinequalityandtherespectivefertilitylevels.Inpartic-
ular, only low fertility levels for both sub-populations promote sustainable develop-
ment in terms of positive levels of resources and population and independent of the
initial distribution of food-secure versus food-insecure population.
Theseresultshighlight theroleofpopulation growthasitislinkedtopoverty.As
we demonstrate, food insecurity may even persist in a stationary population with an
unequal distribution of food, where population growth exacerbates poverty. In our
framework,fertilityreductionsofthefood-insecureandfood-securepopulationmit-
igatethestressonresourcesandsubsequentlyonfoodproduction.Thelatterresultis
a prominent claim of classical economics. However, it is even acknowledged by
someoftheneoclassicaleconomists,whoregardhighpopulationgrowthasaneutral
Maria Winkler-Dworak 245factor, “that fertility reduction can buy time while resource substitutes are found or
market or institutional inefficiencies are addressed” (Jolly 1994).
In the PEDA framework, the institutional settings are only reflected by the as-
sumptionofahistoricallygivenunequalfooddistribution.However,nojustification




ing theoptimal choiceof labour input and intensity of farming under differentprop-
erty regimes. Dworak (2002, chapter 8) proposes a reformulation of the resource
equation by distinguishing between quantity and quality of soil as they are reflected
differently by population pressure. A combination of these two approaches would
substantially improve the modelling of the resource side in the PEDA framework.
AnotherdrawbackofthePEDAframeworkisthatthedegreeofinequalityisheld
constantovertime.GalorandZeira(1993)presentanendogenouslyevolvingwealth
distribution bythemeansofmicro-foundation ofbequests.Theincorporation ofbe-
quests together with the property regimes would make the PEDA framework much
more realistic.
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A.1 Derivation of equation 4
As already stated above, the Lorenz curve L(F(z)) plots cumulative shares of in-
comeasafunctionofcumulativepopulationsharesF(z)whenindividualsareranked
in increasing order of income z (Lam 1988, p. 143 ff.).
Consequently, the Lorenz curve is a monotonically increasing and convex func-
tion, whereL(0)=0and L(1)=1(seeChotikapanich 1993, Ogwang and Rao1996).
Furthermore, the Lorenz curve fulfills (Chotikapanich 1993)
(A.1)
Amathematicalrepresentation oftheLorenzcurvecanbederivedasfollows.Given
anincomedistributionfunctionwithdensityfunction fx () ,thehorizontalaxisofthe
Lorenz curve is given by the cumulative distribution function
(A.2)
and the vertical axis is given by the first moment distribution function
(A.3)
whereydenotesthefirstmomentofthedensityfunction f (i.e.,themeanincome/en-
titlement). The second identity has been derived by applying partial integration (see
Atkinson 1970, Lam 1988). Differentiating equation (A.3) with respect to z yields
(A.4)
Furthermore, the following condition holds
(A.5)
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versely proportional to the mean income y.
A.2 Proof of proposition 1
The computation of the steady states is constrained to the case ~ yy  since the
shareofthepopulationfallingshortofthesubsistencerequirementGyy t (~;) equals1.
For ~ yy  the fixed points have to be determined numerically.
Taking




zero or that the natural population growth rate of the food-secure population equals
one. For plausible parameter values one can disregard the latter case.
Furthermore,Dworak(2002,chapter5)demonstratesthatthereisauniquenega-
tive relationship between the numbers of food-insecure population and the resource
stock for a given number of food-secure population.
Moreover, the equilibrium number of the food-secure population equalling zero
impliesthateitheralsothefood-insecurepopulationequalszerointheequilibriumor
the natural population growth rate of the food-insecure equals zero from equa-
tion(A.8).However,theright-handsideofthedifferenceequationsystem(13)–(14)
is not defined for a zero total population size.
Theconditionofzeronaturalpopulationgrowthforthefood-insecurepopulation




ship between R and PI into account.
Fortheexistenceofthefixedpoint, theequilibrium valueshavetofulfillthecon-
dition~ (  ,, ) yy PR I  0 .However,sincethenumberoffood-securepopulationequals
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A.3 Technical details of the bifurcation analysis
Asevident fromFig.2and5,wehaveeitheroneorthreefixedpoints. Ingeneral,
the regions of the differing number of fixed points are separated by fold curves,
which collide in a Cusp point. Furthermore, the stability of the fixed point changes
and a closed invariant curve emerges when passing the Neimark-Sacker curves,
whichareabbreviatedby‘NS’inFig.2and5,witha‘+’or‘–’inthesubscriptdenot-
ing whether the Neimark-Sacker bifurcation is subcritical or supercritical, respec-
tively.
15 Furthermore, the fold and the Neimark-Sacker curve meet tangentially in a
strong resonance bifurcation 1:1 (denoted by R1 : 1).
16
However, at ~ (  ,, ) yy PR II 
 0 which is equivalent to
theright-hand sideoftheequationsystem(13)–(15) isnotdifferentiable.Hence,the
bifurcation behaviour cannot be inferred from the multipliers of the fixed point and
therefore has to be determined by observing orbits.
For instance, passing from region to by crossing bd y I –( ~ /) 
 0, the
uniquefixedpointlosesitsstabilityandsimultaneouslyanattractingclosedinvariant
curve emerges, which is characteristic for a supercritical Neimark-Sacker bifurca-
tion.Furthermore,passingfrom to ,thestablefixedpointwithzerofood-secure
population and the unstable fixed point collide and vanish similar to a fold bifurca-
tion. Finally,whenpassing from to ,itseemsthatboth bifurcations occur,i.e.,
the stable and the unstable fixed points collide and vanish and a stable closed
invariant curve appears.
Furthermore,inregion thefixedpointisunstableandtheorbitsconvergetothe
closed invariant curve. Moving from region to region , the fixed point under-
goes a sub-critical Neimark-Sacker bifurcation, where the fixed point becomes sta-




15 At a supercritical Neimark-Sacker bifurcation the fixed point loses its stability and a stable
closed invariant curve emerges. In contrast, at a subcritical Neimark-Sacker bifurcation, the
fixed point becomes stable and an unstable closed invariant emerges.
16 Furthermore, an infinite number of Arnold tongues may be rooted along the Neimark-Sacker
curve.AccordingtoKutsnetsov(1998),theremayalsoexisttransversalhomoclinicstructures
in an exponentially narrow parameter region bounded by two smooth curves of homoclinic
tangencies. In addition, the fold curves delimiting the Arnold tongues accumulate on these
homoclinic tangencies curves (Kutsnetsov 1998).catedbyadashedcurveinFig.2and5.Itseemsthatthereoccursacollisionoftheun-
stable and the stable closed invariant curves leaving the then globally stable fixed
point.Butcontrarytocontinuous-timemodels,suchabifurcationofclosedinvariant
curvesisnotwell-definedawayfromtheNeimark-Sackerbifurcation,though“there
exists a complicated (but narrow) bifurcation set related to the ‘collision’ of two
invariant curves” (Kutsnetsov 2002).
Another limitation on the bifurcation analysis is imposed by the fact that the
right-handsideoftheequationsystem(13)–(15)isnotdifferentiableatallpointsand
thus backward iteration is not possible everywhere. Therefore, further unstable
closed invariant curves may exist but cannot be detected or, if their existence is de-
tected by subcritical Neimark-Sacker bifurcations, they cannot be continued as the
parameters change.
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